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Abstract
Building on our previous work for a
(2)
2 and a
(2)
3 we explore systematically the continuum
limit of gapless a
(2)
N−1 vertex models and spin chains. We find the existence of three possible
regimes. Regimes I and II for a
(2)
2n−1 are related with a
(2)
2n−1 Toda, and described by n
compact bosons. Regime I for a
(2)
2n is related with a
(2)
2n Toda and involves n compact bosons,
while regime II is related instead with B(1)(0, n) super Toda, and involves in addition a
single Majorana fermion. The most interesting is regime III, where non-compact degrees of
freedom appear, generalising the emergence of the Euclidean black hole CFT in the a
(2)
2 case.
For a
(2)
2n we find a continuum limit made of n compact and n non-compact bosons, while for
a
(2)
2n−1 we find n compact and n−1 non-compact bosons. We also find deep relations between
a
(2)
N−1 in regime III and the gauged WZW models SO(N)/SO(N − 1).
1 Introduction
The study of the continuum (or scaling) limits of integrable spin chains is a topic that remains
of central importance in theoretical physics, with potential applications in condensed matter
physics and quantum field theory, and more recently in the context of the AdS/CFT correspon-
dence. Identifying these continuum limits seems a priori a simple technical exercise. The chains
are indeed solvable by the Bethe Ansatz, and there is a well-defined procedure, once the ground
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state and basic excitations are understood, to extract the central charge and critical exponents
in an almost rigorous fashion.
The first works in this area quickly proposed, using this strategy, field theories associated, for
instance, with integrable chains based on the fundamental representation for all the Lie algebras,
including the twisted ones [1, 2]. Unfortunately, it turned out that the—quite natural—structure
of the ground state postulated in these early works was in fact not correct. A more detailed
analysis [3], based on a lot of numerics, showed that, even for some of the lowest-rank cases
such as a
(2)
2 , various regimes were possible, some of which exhibiting surprising patterns of roots
in their ground states. As fas as we know, no general classification of these patterns has been
proposed up to now. Moreover, in several of the regimes, the patterns give rise to considerable
technical difficulties, making the numerical or analytical study of the Bethe Ansatz equations
very difficult, and hindering a correct identification of the continuum limit.
The a
(2)
2 case corresponds to the Izergin-Korepin or 19-vertex model [21] which is equivalent
to a spin-one model of dilute loops on the square lattice [3]. Despite its long history, some
of its important physical features were only fully understood quite recently [5]. Most notably,
the a
(2)
2 model was shown to exhibit an unexpected ‘regime III’ where the continuum limit is a
non-compact conformal field theory (CFT) of central charge c = 2, the so-called Euclidian black
hole sigma model [6, 7] with SL(2,R)/U(1) symmetry.
The emergence of a non-compact CFT, with associated continuous spectrum of critical ex-
ponents, was almost unheard of in the field of Bethe Ansatz and quantum spin chains. Quantum
spin chains involving finite-dimensional representations of a classical Lie algebra have, in general,
a compact continuum limit, with a discrete set of exponents. But to our knowledge, there is
no theorem preventing the emergence of non-compact continuum limits, even if the spins are in
finite-dimensional representations, at least when the ‘Hamiltonians’ are non-Hermitian, which
is generally the case in the context of integrable spin chains and q-deformations.
The a
(2)
3 case is related to two Potts models coupled by their energy operator [8, 9, 10],
and allows as well a realisation in terms of loops. Subsequent analysis of the a
(2)
3 model [11]
demonstrated that it exhibits various regimes like the a
(2)
2 model, including one similar to the
‘regime III’ with a non-compact continuum limit, this time with central charge c = 3. A major
motivation for the present work was to extend the analysis to the whole a
(2)
N−1 series and to
ascertain if non-compact degrees of freedom are generically present, and if so, how many.
Non-compact CFTs are a subject of high interest in particular for their potential condensed
matter applications, which include a variety of geometrical problems, or the description of critical
points in 2 + 1 dimensional non-interacting disordered electronic systems (such as the IQHE
plateau transition: see [12] and references therein) . The possibility of analyzing these theories
using controllable lattice models [13] (as opposed to spin chains involving infinite-dimensional
spin representations) is certainly very exciting. Subtle aspects, such as the density of states or the
emergence of discrete states in the black hole sigma model [14, 15], have already been investigated
using lattice techniques [16, 5, 17], and there will obviously be much room for progress once other
non-compact CFTs have been identified as low-energy limits of other compact, non-Hermitian
spin chains.
This paper is the continuation of two previous works [5, 11] on a
(2)
2 and a
(2)
3 , respectively. The
technical difficulties in the analysis of the Bethe Ansatz equations increase very rapidly with the
ranks of the algebras, but we will nonetheless provide a general understanding of the continuum
limit of a
(2)
N−1 spin chains in their three basic regimes—usually called I, II and III. While regimes
2
I and II are certainly interesting, although they involve rather well-known ingredients, regime
III gives rise to a family of non-compact conformal field theories generalising the Euclidian black
hole sigma model. While we shall discuss here the main features of these theories, their detailed
study will await further work.
We start out in section 2 by defining the vertex models of interest in terms of their integrable
Rˇ-matrix. We focus on the second solution Rˇ(2) of the Yang-Baxter equations that corresponds
to the a
(2)
N−1 models. We recall their Bethe Ansa¨tze and discuss the existence of three regimes.
The physics of the regimes I, II and III is established in turn in the following sections 3–5.
Using an example driven approach—and some numerical assistance—we find in particular the
structure of Bethe roots in the ground state, count the number of compact and non-compact
degrees of freedom, and identify the (imaginary) Toda theories corresponding to the integrable
massive deformations. A chart of our main conclusions can be found in table 1. We conclude
the paper, in section 6, by a summary of our findings and an outlay of directions for further
work. A discussion of a free-field representation of the SO(N)k/SO(N − 1)k cosets is relegated
to appendix A.
2 Integrable lattice models based on a
(2)
N−1
2.1 Rˇ-matrices
Integrable vertex models and spin chains based on the twisted affine Lie algebras a
(2)
N−1 have
appeared sporadically in the literature, motivated largely by the technical difficulties associated
with the twisting. These models—in the fundamental representation case, to which we restrict
now—are, however, also interesting for applications, in particular because they provide [18, 19]
a second family of solutions of the Yang-Baxter equation with (quantum deformation of) so(N)
symmetry. This observation generalises the simple fact that there are two solutions of the
Yang-Baxter equation for the three-dimensional ‘spin-one’ representation of Uqsl(2): the Fateev-
Zamolodchikov model [20] and the Izergin-Korepin model [21].
The technical point is that one can Baxterise in two different ways the Birman-Murakami-
Wenzl (BMW) algebra [4, 22] associated with so(N). Since this point will be crucial later in
our analysis of the regime III of these models, we discuss it further.
The first Baxterisation is the one associated with so(N)(1), and we write the corresponding
Rˇ-matrix as Rˇ(1). It is given by the first formula found in [23]1
Rˇ(1) ∝ PˇS − q
2x− 1
q2 − x PˇA +
q2x− 1
q2 − x
qN−2x− 1
qN−2 − x Pˇ0 , (1)
where we have defined
Pˇi = PPi ,
PˇS = PS ,
PˇA = −PA ,
Pˇ0 = P0 , (2)
obeying PS+PA+P0 = I, with I being the identity operator. Here P is the permutation operator,
whereas Pi with i = S,A, 0 denote the orthogonal projectors onto the symmetric, antisymmetric
1After a correction in eq. (2.4): Pˇ → P .
3
and trivial representation, respectively. As usual, q is the quantum group deformation parameter,
and x denotes the spectral parameter.
The braid limit is x→ 0, leading to
Rˇ(1)
∣∣∣
x→0
∝ PˇS + q−2PˇA + q−N Pˇ0 . (3)
We define the braid generators
B = qPS − q−1PA + q1−NP0 ,
B−1 = q−1PS − qPA + qN−1P0 . (4)
They satisfy the Kauffman skein relation
B −B−1 = (q − q−1)(1− E) , (5)
where we have introduced the braid monoid
E = (1 + [N − 1])P0 (6)
and the q-deformed (quantum) numbers
[n] =
qn − q−n
q − q−1 . (7)
In addition to (5), the defining relations of the so(N) BMW algebra are the braid relations
BiBi+1Bi = Bi+1BiBi+1 ,
BiBj = BjBi for |i− j| ≥ 2 ; (8)
the idempotent relation
E2i = (1 + [N − 1])Ei ; (9)
the delooping relations
BiEi = EiBi = q
1−NEi ,
EiBi±1Ei = qN−1Ei ; (10)
and finally the tangle relations
EiEi±1Ei = Ei ,
BiBi±1Ei = Ei±1Ei . (11)
All these relations can be depicted diagramatically, using the well-known representations of Ei
and Bi in terms of contractions and over-passings of adjacent strands.
It is straightforward to rewrite the Rˇ-matrix as
Rˇ(1) ∝ (q−1 − q)x (x− qN−2) I + (x− 1) (x− qN−2)B + (q − q−1)x(x− 1)E ,
Rˇ(1) ∝ I + x− 1
x+ 1
qN−2 + x
qN−2 − xE +
1− x
1 + x
1
q − q−1
(
B +B−1
)
, (12)
4
where of course the proportionality coefficients are irrelevant.
Now, there is another solution of the Yang-Baxter equations with the same symmetry, the
same underlying BMW algebra, and acting in the same product of fundamental representations.
This second R-matrix reads
Rˇ(2) = PˇS − q
2x− 1
q2 − x PˇA +
qNx+ 1
qN + x
Pˇ0 , (13)
with the same braid limit as before
Rˇ(2)
∣∣∣
x→0
= PˇS + q
−2PˇA + q−N Pˇ0 . (14)
It leads to expressions similar to (12):
Rˇ(2) ∝ (q−1 − q)x (x+ qN) I + (x− 1) (x+ qN)B + (q − q−1)x(x− 1)E ,
Rˇ(2) ∝ I + x− 1
x+ 1
qN − x
qN + x
E +
1− x
1 + x
1
q − q−1
(
B +B−1
)
. (15)
In the modern classification of solutions of the Yang-Baxter equation, this second solution is
associated with a
(2)
N−1. This Rˇ
(2)-matrix coincides with that of a
(2)
N−1 given in [24, 25]. For a
detailed study of Rˇ-matrices based on twisted quantum affine algebras, see [26].
In the remainder of this paper the parity of N will play an important role—as is generally
the case for CFTs and integrable models with so(N) symmetry. When N = 2n + 1 is odd,
the Rˇ(2)-matrix is Uq(bn) invariant [27, 28, 29]. The situation for N = 2n is more complicated.
The Rˇ(2)-matrix as it was described here—being obtained from the so(N) BMW algebra—
must clearly be Uq(dn) invariant. On the other hand, Uq(cn) invariance is claimed in part of the
literature [28, 29]. Moreover, the Bethe Ansatz for the associated vertex model is usually indexed
with the eigenvalues of the cn Cartan generators [30]. We will follow this convention here.
2 We
have checked explicitly for small sizes and various ranks that the usual Bethe equations for a
(2)
2n−1
[30] do indeed give the correct levels for the model based on the Rˇ(2)-matrix.3
Lattice models of clear physical interest are well-known for a
(2)
2 , which is related in particular
with a spin-one O(n) loop model4 on the square lattice [3], which is based on the Izergin-Korepin
vertex model. The same spin chain—albeit in a different regime [32]—is related to the chromatic
polynomial on the triangular lattice [33] and from there to several geometrical models of the
Potts and O(n) loop-model types [32]. More recently, a physical interpretation of the a
(2)
3 model
in terms of a two-colour loop model was provided [8, 9, 10]. There is so far no such interpretation,
to our knowledge, for higher values of N .
2.2 The Bethe Ansatz
The Bethe equations are well-known (see for instance [34] and references therein). They are of
rank n for both a
(2)
2n−1 and a
(2)
2n and read (using the parameterisation q = e
iγ , and for periodic
boundary conditions):
2We note that in [27] a different a
(2)
2n−1 Rˇ-matrix has been proposed, which has Uq(cn) symmetry. There is a
strong suspicion [31] that this Rˇ-matrix and the one in [24, 25] lead to identical Bethe equations in the periodic
case.
3This Bethe Ansatz was rederived ‘from first principles’ in [19] in the more general case of sl(n|m)(2).
4The parameter n in this notation is related with the q-deformation, and has nothing to do with the rank of
an algebra.
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1. For a
(2)
2n−1: with j = 2, 3, . . . , n− 2(
sinh(λ1 − iγ2 )
sinh(λ1 + iγ2 )
)L
=
m1∏
λ1′
sinh(λ1 − λ1′ − iγ)
sinh(λ1 − λ1′ + iγ)
m2∏
λ2
sinh(λ1 − λ2 + iγ2 )
sinh(λ1 − λ2 − iγ2 )
,
mj−1∏
λj−1
sinh(λj − λj−1 − iγ2 )
sinh(λj − λj−1 + iγ2 )
=
mj∏
λj′
sinh(λj − λj′ − iγ)
sinh(λj − λj′ + iγ)
mj+1∏
λj+1
sinh(λj − λj+1 + iγ2 )
sinh(λj − λj+1 − iγ2 )
,
mn−2∏
λn−2
sinh(λn−1 − λn−2 − iγ2 )
sinh(λn−1 − λn−2 + iγ2 )
=
mn−1∏
λn−1′
sinh(λn−1 − λn−1′ − iγ)
sinh(λn−1 − λn−1′ + iγ)
mn∏
λn
sinh 2(λn−1 − λn + iγ2 )
sinh 2(λn−1 − λn − iγ2 )
,
mn−1∏
λn−1
sinh 2(λn − λn−1 − iγ2 )
sinh 2(λn − λn−1 + iγ2 )
=
mn∏
λn′
sinh 2(λn − λn′ − iγ)
sinh 2(λn − λn′ + iγ) . (16)
2. For a
(2)
2n : with j = 2, 3, . . . , n− 1(
sinh(λ1 − iγ2 )
sinh(λ1 + i
γ
2 )
)L
=
m1∏
λ1′
sinh(λ1 − λ1′ − iγ)
sinh(λ1 − λ1′ + iγ)
m2∏
λ2
sinh(λ1 − λ2 + iγ2 )
sinh(λ1 − λ2 − iγ2 )
,
mj−1∏
λj−1
sinh(λj − λj−1 − iγ2 )
sinh(λj − λj−1 + iγ2 )
=
mj∏
λj′
sinh(λj − λj′ − iγ)
sinh(λj − λj′ + iγ)
mj+1∏
λj+1
sinh(λj − λj+1 + iγ2 )
sinh(λj − λj+1 − iγ2 )
,
mn−1∏
λn−1
sinh(λn − λn−1 − iγ2 )
sinh(λn − λn−1 + iγ2 )
=
mn∏
λn′
sinh(λn − λn′ − iγ)
sinh(λn − λn′ + iγ)
cosh(λn − λn′ + iγ2 )
cosh(λn − λn′ + iγ2 )
. (17)
These equations can be obtained from the a
(1)
2n−1 and a
(1)
2n Bethe equations respectively by a
‘folding’ of the roots [30, 1]. In both sets of equations, mj denotes the number of Bethe roots λ
j
of type j = 1, 2, . . . , n. Note that λj is generally defined modulo ipi, except for λn in the a
(2)
2n−1
case which is modulo ipi2 only.
Solving the Bethe equations gives access to the full spectrum (assuming that the Bethe
Ansatz is complete) of the general vertex model based on the Rˇ(2) matrix discussed in the
foregoing section. Eigenvalues of the transfer matrix are then used to extract the central charge
and the critical exponents, via the usual finite-size scaling formulae. It will be convenient in
what follows to refer to the anisotropic limit of the vertex model where the logarithmic derivative
of the transfer matrix becomes a local Hamiltonian. The energy eigenvalues then take the form
E = −N
m1∑
i=1
sin γ
cosh 2λ1j − cos γ
, (18)
where N is a constant depending on normalisation of the Hamiltonian. Different regimes will
correspond to different choices of the sign of N , as well as the value of γ. For a given sign, the
absolute value of N is then chosen to ensure a relativistic continuum limit (that is, a dispersion
relation e = p for low-energy excitations).
Like in all problems of this sort, it is crucial to perform numerical studies of the lattice
model in order to understand which kind of Bethe roots are associated with the ground state
6
and low-energy excitations. The periodic row-to-row transfer matrix has the structure5
TL(x) = tra
(
Rˇa,L(x) . . . Rˇa,2(x)Rˇa,1(x)
)
, (19)
where each of the L quantum (vertical) spaces as well as the auxilliary (horizontal) space carry
the N -dimensional fundamental representation of so(N), and Rˇ is given in terms of the algebra
generators by (15). Its explicit form is [25]
Rˇab(x) = (x− ξ)(x− q2)
N∑
α=1
α 6=α′
eˆ(a)αα ⊗ eˆ(b)αα + q(x− 1)(x− ξ)
N∑
α,β=1
α 6=β,α 6=β′
eˆ
(a)
βα ⊗ eˆ(b)αβ
+ x(1− q2)(x− ξ)
N∑
α,β=1
α<β,α 6=β′
eˆ(a)αα ⊗ eˆ(b)ββ + (1− q2)(x− ξ)
N∑
α,β=1
α>β,α 6=β′
eˆ(a)αα ⊗ eˆ(b)ββ
+
N∑
α,β=1
dα,β(x)eˆ
(a)
α′β ⊗ eˆ(b)αβ′ , (20)
where the notation α′ ≡ N + 1− α is used, and eˆ(a)αβ (resp. eˆ(b)αβ) denotes the matrix acting non-
trivially on the tensorand labelled a (resp. b), such that (eˆαβ)µν = δαµδβν . Moreover ξ = −qN ,
whilst dαβ(x) has the form
dα,β(x) =

q(x− 1)(x− ξ) + x(q2 − 1)(ξ − 1) for α = β = β′ ,
(x− 1) [(x− ξ)q2 + x(q2 − 1)] for α = β 6= β′ ,
(q2 − 1)
[
ξ(x− 1)qα¯−β¯ − δα,β′(x− ξ)
]
for α < β ,
(q2 − 1)x
[
(x− 1)qα¯−β¯ − δα,β′(x− ξ)
]
for α > β ,
(21)
where
α¯ =

α+ 12 for 1 ≤ α < N+12 ,
α for α = N+12 ,
α− 12 for N+12 < α ≤ N .
(22)
From the quantum integrability of the model, the transfer matrices for different values of the
spectral parameter x commute and therefore share the same set of eigenvectors. This does not
prevent level crossings, and the set of states determining the largest transfer matrix eigenvalues
may vary with x. More precisely, for each N there are two ‘isotropic’ values x± = e2i(
Nγ
4
∓pi
4 ),
corresponding to local maxima of the transfer matrix eigenvalues, and which are described by
a different physics in the sense that they are not dominated by the same eigenstates. From the
Hamiltonian point of view, these correspond to opposite signs in the definition of the energy E,
namely x± correspond to respectively N > 0 and N < 0 in (18). As already announced above
this gives rise to different regimes, whose precise description we give below (section 2.3).
For a
(2)
2n we have the value of the Cartan generators in the bn ≡ so(2n+ 1) subalgebra
h1 = L−m1 ,
hj = mj−1 −mj for j = 2, 3, . . . , n . (23)
5We henceforth omit the superscript on Rˇ(2).
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For a
(2)
2n−1 we have similarly the Cartan generators in the cn ≡ sp(2n) subalgebra:
h1 = L−m1
hj = mj−1 −mj for j = 2, 3, . . . , n− 1 ,
hn = mn−1 − 2mn , (24)
where the mj are the numbers of Bethe roots in (16) and (17). We have restricted to the case
of L even to avoid parity and spurious twist effects. For all cases studied explicitly, we checked
that the ground state lies in the singlet sector with all the hj = 0.
2.3 The regimes
For a
(2)
2n−1, the transformation γ → pi − γ combined with a shift of roots λ1 by ipi2 is equivalent
to changing the sign of the coupling constant: N → −N in (18). It is therefore enough to study
the region γ ∈ [0, pi2 ] for both signs of N . We will see that this gives rise to three regimes, but
two have essentially identical physical properties:
γ ∈ [0, pi2 ] , N < 0 : regime I
γ ∈ [ pi2n , pi2 ] , N > 0 : regime I’
γ ∈ [0, pi2n] , N > 0 : regime III
For a
(2)
2n , there is no such symmetry, since the last (cosh) term in the Bethe equations (17)
involves γ2 . Accordingly, there are in fact three totally different regimes:
γ ∈ [0, pi] , N < 0 : regime I
γ ∈
[
pi
2n+1 , pi
]
, N > 0 : regime II
γ ∈
[
0, pi2n+1
]
, N > 0 : regime III
Throughout the remainder of the paper, we will use the denomination regime II to refer also
to regime I’ of a
(2)
2n−1, checking a posteriori that in the latter case it is nothing but the analytic
continuation of regime I.
We now turn to a detailed analysis of all three regimes.
3 Regime I
3.1 The case a
(2)
2n in regime I
This corresponds to N < 0 and γ ∈ [0, pi]. The Bethe roots in the ground state organise
themselves into the pattern λ1 = x1 + ipi2 , λ
2 = x2, λ3 = x3 + ipi2 , λ
4 = x4 . . ., where the xj are
real. In all that follows, we will define Fourier transforms via
f(ω) =
∫
dλ
2pi
eiλωf(λ), (25)
8
and use the basic formulae
d
dλ
ln
sinh(λ+ iα)
sinh(λ− iα =
∫ ∞
−∞
dω cosωλ
sinhω
(
pi
2 − α
)
sinh ωpi2
,
d
dλ
ln
cosh(λ− iα)
cosh(λ+ iα)
=
∫ ∞
−∞
dω cosωλ
sinhωα
sinh ωpi2
. (26)
The Bethe equations in the thermodynamic limit, restricting to the types of roots that appear
in the ground state,6 have then the simple form (with j = 2, 3, . . . , n− 1)
ρ1 + ρ
h
1 =
sinhωγ/2
sinhωpi/2
+
sinhω(pi2 − γ)
sinhωpi/2
ρ1 +
sinhωγ/2
sinhωpi/2
ρ2
ρj + ρ
h
j =
sinhωγ/2
sinhωpi/2
ρj−1 +
sinhω(pi2 − γ)
sinhωpi/2
ρj +
sinhωγ/2
sinhωpi/2
ρj+1
ρn + ρ
h
n =
sinhωγ/2
sinhωpi/2
ρn−1 +
[
sinhω(pi2 − γ)
sinhωpi/2
+
sinhωγ/2
sinhωpi/2
]
ρn (27)
where ρj and ρ
h
j are densities of Bethe roots and holes per unit length for the j’th type of
excitations. There are n massless modes, and the central charge is c = n.
We can rewrite this in the compact, symbolic form
ρ + ρh = s +K ?ρ , (28)
where the densities ρ, ρh and the source term s are column vectors, and the interaction kernel
K is a matrix. Taking K at zero frequency produces
1−K(0) = γ
pi

2 −1 0 · · · 0 0
−1 2 −1 · · · 0 0
...
. . .
. . .
. . .
...
...
. . .
. . .
. . .
...
0 0 · · · −1 2 −1
0 0 · · · 0 −1 1

≡ R . (29)
Here R is equal to γpi times the symmetrised Cartan matrix (αi · αj) of the bn algebra, where
α1, . . . ,αn are the roots of bn; notice that this holds even for n = 1. Conformal weights corre-
sponding to excitations made out of holes (in numbers δmi) and global shifts of the Fermi seas
(with δdi roots ‘backscattered from left to right’) are given by [35]
∆ + ∆¯ =
1
4
δm ·R · δm + δd ·R−1 · δd (30)
The continuum limit is therefore a set of n compact bosons φi. The exact compactification
rules deserve further study, since bn is not simply laced, but we will not pursue this matter
here—except to stress that in this regime, there are no indications of further fermionic degrees
of freedom. Observe that the conformal weights associated with pure hole excitations read
∆ + ∆¯ =
γ
4pi
[
(δm1)
2 + (δm2 − δm1)2 + . . .+ (δmn−1 − δmn)2
]
(31)
6There are, as usual, more types of roots, but these do not play an essential role in the understanding of the
continuum limit.
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and can be naturally associated with vertex operators V ≡ exp (∑ni=1 δmiαi ·φ).
It is well-known [1, 2, 36] that an integrable spin chain provides not only a lattice discretisa-
tion of a conformal field theory, but also the discretisation of an integrable massive deformation
thereof. The latter is obtained by staggering the bare spectral parameter, so the source terms
in the Bethe equations (17) are modified:sinh
(
λ1j − iγ2
)
sinh
(
λ1j + i
γ
2
)
L →
sinh
(
λ1j − Λ− iγ2
)
sinh
(
λ1j − Λ + iγ2
)
L/2sinh
(
λ1j + Λ− iγ2
)
sinh
(
λ1j + Λ + i
γ
2
)
L/2 (32)
(Λ is a real parameter) with a similar staggering in the transfer matrix/time evolution [36]. The
field theoretic limit is obtained close to vanishing energy/momentum. This requires taking Λ
large, and focusing on a region where the source term for the density of holes is dominated by
the poles nearest the origin: we will discuss this in more detail below for some examples. Masses
and scattering matrices can then be determined, and the massive field theory identified.
The result for the a
(2)
2n model in regime I is that staggering produces the imaginary a
(2)
2n Toda
theory (for general discussion of Toda theories, see [37]) with the action
S =
∫
1
2
(∂µφ · ∂µφ) + g
[
e−2iβφ1 + 2
n−1∑
i=1
eiβ(φi−φi+1) + 2eiβφn
]
=
∫
1
2
(∂µφ · ∂µφ) + g
(
e−2iβα0·φ + 2
n∑
i=1
eiβαi·φi
)
,
(33)
where α0 satisfies
α0 + 2(α1 +α2 + . . .+αn) = 0 . (34)
This Toda theory is based on the a
(2)
2n affine root system (the ei being as usual a set of orthonormal
vectors)
αi = ei − ei+1 for i = 1, 2, . . . , n− 1 ,
αn = en ,
α0 = −2e1 . (35)
The corresponding Dynkin diagram is shown in figure 1. The K -matrix (29) and the form of
the conformal weights (31) are compatible with the exponentials in (33), provided that
β2
8pi
=
γ
2pi
. (36)
α0 α1 αn−1 αn
Figure 1: Dynkin diagram of a
(2)
2n .
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3.2 The case a
(2)
2n−1 in regime I
Regime I is observed for N < 0 and γ ∈ [0, pi2 ]. The Bethe roots for a
(2)
2n−1 exhibit a pattern of
alternation between imaginary parts 0 and pi2 : λ
1 = x1 + ipi2 , λ
2 = x2, λ3 = x3 + ipi2 , λ
4 = x4, . . .,
except for the last roots which have imaginary part pi4 : λ
n = xn + ipi4 . The Bethe equations in
the thermodynamic limit read (with j = 2, 3, . . . , n− 2)
ρ1 + ρ
h
1 =
sinh ωγ2
sinh ωpi2
+
sinhω(pi2 − γ)
sinh ωpi2
ρ1 +
sinh ωγ2
sinh ωpi2
ρ2 ,
ρj + ρ
h
j =
sinh ωγ2
sinh ωpi2
ρj−1 +
sinhω(pi2 − γ)
sinh ωpi2
ρj +
sinh ωγ2
sinh ωpi2
ρj+1 ,
ρn−1 + ρhn−1 =
sinh ωγ2
sinh ωpi2
ρn−2 +
sinhω(pi2 − γ)
sinh ωpi2
ρn−1 +
sinh ωγ2
sinh ωpi4
ρn−1 ,
ρn + ρ
h
n =
sinh ωγ2
sinh ωpi4
ρn−1 +
sinhω(pi4 − γ)
sinh ωpi4
ρn . (37)
The K -matrix obeys
1−K(0) = γ
pi

2 −1 0 · · · 0 0
−1 2 −1 · · · 0 0
...
. . .
. . .
. . .
...
...
. . .
. . .
. . .
...
0 0 · · · −1 2 −2
0 0 · · · 0 −2 4

≡ R , (38)
and R coincides now with γpi times the symmetrised Cartan matrix (αi · αj) of the cn algebra.
The central charge is c = n as for a
(2)
2n , and equation (30) applies as well. The conformal weights
associated with pure hole excitations read
∆ + ∆¯ =
γ
4pi
[
(δm1)
2 + (δm2 − δm1)2 + . . .+ (δmn−2 − δmn−1)2 + (δmn−1 − 2δmn)2
]
(39)
and can be naturally associated with vertex operators V ≡ exp (∑ni=1 δmiαi ·φ). The staggering
produces the imaginary a
(2)
2n−1 Toda theory with action
S =
∫
1
2
(∂µφ · ∂µφ) + g
eiβ(φ1−φ2) + e−iβ(φ1+φ2) + 2 n−1∑
j=2
eiβ(φj−φj+1) + e2iβφn
 (40)
based on the a
(2)
2n−1 affine root system given by
αi = ei − ei+1 for i = 1, 2, . . . , n− 1 ,
αn = 2en ,
α0 = −e1 − e2 (41)
obeying
α0 +α1 + 2(α2 + . . .+αn−1) +αn = 0 . (42)
The corresponding Dynkin diagram is shown in figure 2. The n roots α1, . . . ,αn are those of
the algebra cn. The correspondence requires the same condition (36) as before.
We now turn to a series of examples to justify our claims.
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α1 α2 αn−1
αn
αn+1
Figure 2: Dynkin diagram of a
(2)
2n−1.
3.3 Example 1: a
(2)
2
This example has a long history [21, 3], and was discussed in great detail in the appendix of our
first paper [5]. We recall its main features here for completeness.
The Bethe equations (27) read now simply
ρ+ ρh =
sinh ωγ2
sinh ωpi2
+
2 sinh ω4 (pi − γ) cosh ω4 (pi − 3γ)
sinh ωpi2
ρ . (43)
The ‘physical equations’ obtained by putting the density of excitations over the physical ground
state on the right are then
ρ+ ρh =
cosh ω4 (pi − γ)
cosh 3ω4 (pi − γ)
− sinh
ω
2 (pi − γ) cosh ω2 (pi − 3γ)
sinh ωγ2 cosh
3ω
4 (pi − γ)
ρh . (44)
After staggering, these equations inherit the new source term in Fourier space
cos Λω cosh ω4 (pi − γ)
cosh 3ω4 (pi − γ)
. (45)
When going back to real space, this becomes a complicated expression in terms of the rapidity
λ of the holes. The field theoretic limit is obtained close to vanishing energy/momentum. This
requires taking Λ large, and focusing on a region where the source term is dominated by the
poles nearest the origin, here ω = ±2i3 pi(pi−γ) . In this limit, the source term is proportional to
exp
[
−2Λ3 pipi−γ
]
cosh 23
pi
pi−γλ. This leads to the mass scale
M ∝ exp
[
−Λ 2
3− 3γpi
]
, (46)
and the physical rapidity is θ = 23
pi
pi−γλ.
The low-energy limit of the staggered model then corresponds to an integrable relativistic
quantum field theory. The latter is easily identified, once one recognises the kernel in the Bethe
equation (44) as the (logarithmic derivative of the) S-matrix [38, 39] for the Bullough-Dodd
model [40, 41] with (non-real) action
S =
∫
1
2
(∂µφ)
2 + g(e−2iβφ + eiβφ) , (47)
where one should set
β2
8pi
=
γ
2pi
. (48)
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In our units, this is the conformal weight of eiβφ. Knowing the action in the continuum limit
allows us to obtain the relationship between the bare coupling g in (47) and the staggering e−Λ
on the lattice. Imagine indeed computing perturbatively the ground state energy of the model
with action (47). This will expand in powers of g3 since only three-point functions involving
one insertion of the first exponential and two insertions of the second one will contribute. By
dimensional analysis, it follows that [g] = [length]−2+
β2
8pi = [length]−2(1−
γ
pi
). Comparing with
(46), we get thus that
g ∝ e− 43 Λ . (49)
From [g] = [length]−2(1−
γ
pi
) we see that the coupling becomes dimensionless for γ = pi, in
agreement with the natural boundary of regime I.
3.4 Example 2: a
(2)
3
This case also has a fairly long history [8, 9, 10] and was treated in some detail in our second
paper [11].
The ground state does not involve complexes, and is given by configurations of the type
λ1 = x1 +
ipi
2
, λ2 = x2 +
ipi
4
. (50)
We recall that λ1 is defined modulo ipi and λ2 is defined modulo ipi2 . The equations for the real
parts read (
cosh(x1 − iγ2 )
cosh(x1 + iγ2 )
)L
=
∏
x1′
sinh(x1 − x1′ − iγ)
sinh(x1 − x1′ + iγ)
∏
x2
cosh 2(x1 − x2 + iγ2 )
cosh 2(x1 − x2 − iγ2 )
,
∏
x1
cosh 2(x2 − x1 − iγ2 )
cosh 2(x2 − x1 + iγ2 )
=
∏
x2′
sinh 2(x2 − x2′ − iγ)
sinh 2(x2 − x2′ + iγ) . (51)
Denoting by ρ1 and ρ2 the corresponding densities, we recover the equations for densities in the
thermodynamic limit (37) for n = 2:
ρ1 + ρ
h
1 =
sinh ωγ2
sinh ωpi2
+
sinhω(pi2 − γ)
sinh ωpi2
ρ1 +
sinh ωγ2
sinh ωpi4
ρ2 ,
ρ2 + ρ
h
2 =
sinh ωγ2
sinh ωpi4
ρ1 +
sinhω(pi4 − γ)
sinh ωpi4
ρ2 . (52)
Writing the Bethe equations symbolically in the usual form (28), we have the followingK -matrix
at zero frequency
K(0) =
(
1− 2γpi 2γpi
2γ
pi 1− 4γpi
)
, (53)
and thus
1−K(0) = γ
pi
(
2 −2
−2 4
)
, (54)
which is equal to γpi times the symmetrised Cartan matrix of c2 = b2. This means we expect the
low-energy spectrum to have the contribution coming from holes
∆ + ∆¯ =
γ
4pi
[
(δm1)
2 + (δm1 − 2δm2)2
]
. (55)
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It may now be useful to recast things in terms of the ‘two-colour’ interpretation of the a
(2)
3 model
[10, 11]. The fundamental representation of so(4) can be decomposed in terms of su(2)× su(2),
and a basis for the Cartan generators is then given in terms of the longitudinal component of
two su(2) spins, Sz and S
′
z, defined in the basis of equation (20) as Sz = diag(−12 ,−12 , 12 , 12) and
S′z = diag(−12 , 12 ,−12 , 12). The correspondence with the number of roots m1 and m2 is given by
δm1 = change in the number of λ
1 roots = Sz + S
′
z ,
δm2 = change in the number of λ
2 roots = S′z , (56)
and the gaps (55) take the form
∆ + ∆¯ =
γ
2pi
(S2z + S
′2
z ) . (57)
The physical equations are now
ρ1 + ρ
h
1 =
coshω(pi4 − γ2 )
coshω(3pi4 − γ)
− sinh
ωpi
2
2 sinh ωγ2 coshω(
3pi
4 − γ)
ρh2 −
sinh ω2 (pi − γ) coshω(γ − pi4 )
sinh ωγ2 coshω(
3pi
4 − γ)
ρh1 ,
ρ2 + ρ
h
2 =
1
2 coshω(3pi4 − γ)
− sinh
ωpi
2
2 sinh ωγ2 coshω(
3pi
4 − γ)
ρh1 −
sinhω(pi4 − γ2 ) coshω(pi2 − γ)
sinh ωγ2 coshω(
3pi
4 − γ)
ρh2 .
(58)
Staggering the bare spectral parameter leads to a massive integrable QFT which can be iden-
tified7 with the imaginary d
(2)
3 Toda theory [43]. Indeed, in the latter reference we find the
following data (we use the subscripts GK from the authors’ initials to refer to these). First, the
masses of the solitons are
Ma ∝ sin api
3
(
1
2
− 1
3λGK
)
with a = 1, 2 ; (59)
λGK ≡ 4pi
β2GK
− 4
3
. (60)
We also introduce, following the same reference [43], ωGK =
2pi
β2GK
− 1. We now take the S11
soliton-soliton scattering matrix element given in their eq. (18) and rewrite it in terms of Fourier
integrals. This gives
lnF11 =
∫ ∞
−∞
dt
t
sinhµGKt
sinh t2 cosh
t
2(3ωGK + 1)
sinh
tωGK
2
cosh tωGK , (61)
where
µGK = −3iλGKθ
2pi
(62)
(θ being the rapidity), and
ωGK =
2pi
β2GK
− 1 . (63)
7A similar example of rank two is discussed in [42] for the a2 spin chains.
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To compare with our results, we observe that the Fourier transform of the source term in our
equations (58) is (we still call λ the generic real parts of the roots in what follows)∫ ∞
−∞
dω eiλω
1
coshω(3pi4 − γ)
=
pi
3pi
4 − γ
1
cosh
( pi
2
3pi
4
−γλ
) . (64)
Massless excitations will occur at large rapidities, where the source term is thus proportional to
e±iθ, with θ denoting the renormalised rapidity:
θ =
2pi
3pi − 4γλ . (65)
This behaviour, which occurs entirely because of the pole at ipi2 , leads us immediately to the
ratio of the two soliton masses in our model:
M2
M1
= 2 cos
pi
2
pi − 2γ
3pi − 4γ . (66)
Note however that the soliton with mass M1 in [43] corresponds to holes ρ
h
2 , and the soliton of
mass M2 corresponds to holes ρ
h
1 , so there is an inversion of labels. Setting
M2
M1
= 2 cos
pi
3
(
1
2
− 1
3λGK
)
(67)
leads to the key identification
γ =
β2GK
4
,
λGK =
4pi
β2GK
− 4
3
=
pi
γ
− 4
3
. (68)
Setting now
t ≡ ωγ (69)
it follows from these mappings that
|µGK |t = 3λGK
2pi
θt = ωλ , (70)
and thus that we can rewrite
sinh
t
2
= sinh
ωγ
2
,
cosh
t
2
(3ωGK + 1) = coshω
(
3pi
4
− γ
)
,
sinh
tωGK
2
= sinhω
(pi
4
− γ
2
)
,
cosh tωGK = coshω
(pi
2
− γ
)
, (71)
so the ρh2–ρ
h
2 scattering is correctly described (recall the inversion of labels) by F11. Similar
calculations show the same holds for F12, F22 as given in [43]. We thus recognise here the
massless limit of the d
(2)
n Toda theory in the particular case of d
(2)
3 = a
(2)
3 .
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To finish the identification, we observe that the pole nearest the real axis provides the
following correspondence between the mass scale and the staggering parameter
M ∝ exp
[
−Λ 2
3− 4γpi
]
. (72)
On the other hand, if the perturbation for a
(2)
3 Toda reads
g
[
eiβ(φ1−φ2) + e−iβ(φ1+φ2) + e2iβφ2
]
, (73)
we will need, using the same kind of argument as for a
(2)
2 ,
[g] ∝ [length] 2β
2
3pi
−2 . (74)
This leads to the following relationship between g and the staggering parameter in the a
(2)
3
model:
g ∝ e− 43 Λ (75)
(this is in fact the same relationship as in the a
(2)
2 case), together with
β2
8pi
=
γ
2pi
. (76)
Note that, in terms of γ, the dimension of the bare coupling is obtained via
[g] ∝ [length] 83 γpi−2 . (77)
It becomes dimensionless when γ = 3pi4 , suggesting that regime I should have a continuation
past pi2 , as we shall see below.
The two foregoing examples fully illustrate the general pattern, with results summarised at
the beginning of this section. We have carried out explicitly the analysis of the next two cases,
in particular to ascertain the nature of the roots and the spectrum of excitations. We content
ourselves by mentioning just a few relevant features below.
3.5 Example 3: a
(2)
4
The ground state is obtained with λ1 = x1 + ipi2 and λ
2 = x2, with the continuum equations
ρ1 + ρ
h
1 =
sinh ωγ2
sinh ωpi2
+
sinhω(pi2 − γ)
sinh ωpi2
ρ1 +
sinh ωγ2
sinh ωpi2
ρ2 ,
ρ2 + ρ
h
2 =
sinh ωγ2
sinh ωpi2
ρ1 +
[
sinhω(pi2 − γ)
sinh ωpi2
+
sinh ωγ2
sinh ωpi2
]
ρ2 , (78)
so we have
1−K(0) = γ
pi
(
2 −1
−1 1
)
. (79)
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This is equal to γpi times the symmetrised Cartan matrix of b2 (of course, the root systems
of b2 and c2 are isomorphic, but the distinction between the two algebras is relevant for the
higher-rank cases), and the hole part of the finite-size spectrum is given by
∆ + ∆¯ =
γ
4pi
[
(δm1)
2 + (δm2 − δm1)2
]
. (80)
The physical equations are of the form
ρ1 + ρ
h
1 =
1
coshω 5(pi−γ)4
+ · · · ,
ρ2 + ρ
h
2 =
coshω pi−γ4
coshω 3(pi−γ)4 coshω
5(pi−γ)
4
+ · · · . (81)
Introducing the usual staggering, we see that we will get a scattering theory with two types of
solitons and that the ratio of their masses is independent of γ, in contrast with the a
(2)
3 case:
M2
M1
=
sin 2pi5
sin pi5
=
sin 2piH
sin piH
, (82)
with H the Coxeter number (H = 2n + 1 for a
(2)
2n ). The mass scale is fixed by the relation at
the pole
M ∝ exp
[
−Λ 2
5− 5 γpi
]
. (83)
A more detailed analysis of the scattering kernels shows that the equations are describing the
a
(2)
4 Toda theory, with perturbation
g
[
e−2βφ1 + 2eiβ(φ1−φ2) + 2eβφ2
]
, (84)
with the—by now usual—result β
2
8pi =
γ
2pi , and the relation between the staggering and the
coupling is
g ∝ e− 45 Λ ∝ [length] 2γpi −2 . (85)
It becomes dimensionless for γ = pi.
Note that in the identification of the scattering theory with the results of [43] the soliton
with mass M2 corresponds to holes ρ
h
2 and the soliton of mass M1 to holes ρ
h
1 : in the case of
a
(2)
2n there is no label inversion, in contrast with the case of a
(2)
2n−1 (see section 3.4).
3.6 Example 4: a
(2)
5
The ground state is of the form
λ1 = x1 +
ipi
2
, λ2 = x2, λ3 = x3 +
ipi
4
(86)
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with the bare Bethe equations
ρ1 + ρ
h
1 =
sinh ωγ2
sinh ωpi2
+
sinh ωγ2
sinh ωpi2
ρ2 +
sinhω(pi2 − γ)
sinh ωpi2
ρ1 ,
ρ2 + ρ
h
2 =
sinh ωγ2
sinh ωpi2
ρ1 +
sinh ωγ2
sinh ωpi4
ρ3 +
sinhω(pi2 − γ)
sinh ωpi2
ρ2 ,
ρ3 + ρ
h
3 =
sinh ωγ2
sinh ωpi4
ρ2 +
sinhω(pi4 − γ)
sinh ωpi4
ρ3 . (87)
One has
1−K(0) = γ
pi
 2 −1 0−1 2 −2
0 −2 4
 , (88)
which is proportional to the symmetrised Cartan matrix of c3. The hole part of the finite-size
spectrum thus has the form
∆ + ∆¯ =
γ
pi
[
(n21 + (n2 − n1)2 + (n2 − 2n3)2
]
. (89)
The physical equations have the form
ρ1 + ρ
h
1 =
coshω(3pi/4− γ)
coshω(5pi/4− 3γ/2) + · · · ,
ρ2 + ρ
h
2 =
coshω(pi/4− γ/2)
coshω(5pi/4− 3γ/2) + · · · ,
ρ3 + ρ
h
3 =
1
2 coshω(5pi/4− 3γ/2) + · · · . (90)
It follows that the usual staggering now leads to a mass scale, from the nearest pole of the cosh
in the denominator,
M ∝ exp
[
−Λ 2
5− 6 γpi
]
. (91)
The masses of the three types of solitons, after inversion of the labels, are given in this case by
M2
M1
= 2 sinpi
pi − γ
5pi − 6γ ,
M3
M1
= 2 sin 2pi
pi − γ
5pi − 6γ . (92)
A more detailed study suggests that the continuum limit is the a
(2)
5 Toda theory with per-
turbation
g
[
e−2βφ1 + 2eβ(φ1−φ2) + eβ(φ2−φ3) + eβ(φ2+φ3)
]
(93)
and β
2
8pi =
γ
2pi . Dimensional analysis gives
g ∝ e−4Λ5 ∝ [length] 125 γpi−2 . (94)
Like for a
(2)
3 the coupling only becomes dimensionless at γ =
5pi
6 , suggesting the existence of a
continuation of the regime.
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3.7 Remarks
The imaginary a
(2)
2n Toda theories have been discussed in [44]. The S-matrices found in that
reference can be matched in detail against the lattice model results, generalising the analysis for
a
(2)
2 . One can for instance easily check that the mass ratios are independent of the coupling, as
we did for a
(2)
4 . This is related with the theory being self-dual.
Meanwhile, we are not aware of any systematic study of the S-matrices for imaginary a
(2)
2n−1,
except, as discussed in section 3.4 above, for a
(2)
3 = d
(2)
3 . The lattice models provide a natural
route to obtain these matrices: it is clear from the lattice Bethe Ansatz that the mass ratios
will, in general, be coupling dependent (unlike what happens for a
(2)
2n ). The S-matrix for the real
version of this theory was determined in [45]: some features of this S-matrix can be extrapolated
to the complex regime, with results in agreement with the lattice analysis. A similar discussion
will be presented in the following section.
Note that in all cases we can write the relationship between the mass scale and the staggering
parameter Λ as
M ∝ exp
[
−Λ 2
H(1− γpi )
]
, for a
(2)
2n ;
M ∝ exp
[
−Λ 2
H − (H + 1) γpi
]
, for a
(2)
2n+1 , (95)
where the Coxeter number is H = 2n + 1 for both of a
(2)
2n and a
(2)
2n+1
8. The correspondence
between the Toda coupling and the staggering parameter is then
g ∝ e− 4HΛ ∝ [length]2 γpi−2 , for a(2)2n ;
g ∝ e− 4HΛ ∝ [length]2H+1H γpi−2 , for a(2)2n+1 . (96)
The second equation suggests the extension of the regime up to γpi =
H
H+1 =
2n+1
2n+2 for a
(2)
2n+1.
In the case a
(2)
2n we have n solitons with masses
Ma
M1
=
sin a piH
sin piH
, for a = 1, 2, . . . , n , (97)
while in the case of a
(2)
2n+1 we found n+ 1 solitons with γ-dependent masses
Ma
M1
= 2 sin
[
api
pi − γ
Hpi − (H + 1)γ
]
, for a = 2, 3, . . . , n+ 1 . (98)
4 Regime II
4.1 The case of a
(2)
2n in regime II
This corresponds to N > 0 and γ ∈ [ pi2n+1 , pi]. From explicit study of the cases a
(2)
2 and a
(2)
4 , we
conjecture that the ground state in this regime is described by the following patterns of roots,
λα ' x± i
(
pi
4
− (2(n− α) + 1)γ
4
)
, for α = 1, 2, . . . , n , (99)
8We use a
(2)
2n+! instead of a
(2)
2n−1 in this paragraph so as to have a single Coxeter for both types of algebras.
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where in the first line the notation ' means that the real parts x of the different types of roots
are only equal up to corrections decreasing exponentially fast with L; similarly the imaginary
parts are only equal to their asymptotic values up to such corrections.9 In the L → ∞ limit,
as these corrections vanish, one can write the first set of Bethe Ansatz equations for λ1 =
x+ i
(
pi
4 − 2n−14 γ
)
(resp. λ1 = x− i (pi4 − 2n−14 γ)) as sinh
(
x+ i
(
pi
4 − 2n+1γ4
))
sinh
(
x+ i
(
pi
4 +
(2n−3)γ
4
))
L= ∏
x′
sinh (x− x′)
sinh (x− x′ + iγ)
sinh
(
x− x′ + i (pi2 − 2n+12 γ))
sinh
(
x− x′ + i (pi2 − 2n−12 γ)) ,sinh
(
x− i
(
pi
4 +
(2n−3)γ
4
))
sinh
(
x− i
(
pi
4 − (2n+1)γ4
))
L=∏
x′
sinh (x− x′ − iγ)
sinh (x− x′)
sinh
(
x− x′ − i (pi2 − 2n−12 γ))
sinh
(
x− x′ − i (pi2 − 2n+12 γ)) ,(100)
while the rest of the Bethe equations become trivial. Multiplying the two above relations one
gets sinh
(
x+ i
(
pi
4 − (2n+1)γ4
))
sinh
(
x− i
(
pi
4 − (2n+1)γ4
)) sinh
(
x− i
(
pi
4 +
(2n−3)γ
4
))
sinh
(
x+ i
(
pi
4 +
(2n−3)γ
4
))
L
=
∏
x′
sinh (x− x′ − iγ)
sinh (x− x′ + iγ)
sinh
(
x− x′ + i (pi2 − 2n+12 γ))
sinh
(
x− x′ − i (pi2 − 2n+12 γ)) sinh
(
x− x′ − i (pi2 − 2n−12 γ))
sinh
(
x− x′ + i (pi2 − 2n−12 γ)) . (101)
In Fourier space this becomes
ρ+ ρh =
sinhω
(
pi
4 +
(2n−3)γ
4
)
+ sinhω
(
3pi
4 − (2n+1)γ4
)
sinh ωpi2
−
ρ
sinh(pi − 2n+12 γ)ωγ + sinh 2n−12 ωγ + sinhω
(
pi
2 − γ
)
sinh ωpi2
. (102)
The matrix K is now a simple scalar, and its zero frequency limit is
1−K(0) = 4
(
1− γ
pi
)
. (103)
Note however that many more excitations are possible than creating holes of complexes (in
particular, the complexes can be partly broken). Numerical study shows that the central charge
is c = n+ 12 , suggesting the presence of an additional Majorana fermion.
Staggering like in regime I gives results compatible with a Toda theory coupled to a Majorana
fermion, with action
S =
∫
1
2
(∂µφ · ∂µφ) + ψ∂µψ + ψ¯∂µψ¯ + g
[
e−2iβφ1 + 2
n−1∑
i=1
eiβ(φi−φi+1) + ψ¯ψeiβφn
]
. (104)
This is in fact an imaginary version of the super algebra B(1)(0, n) Toda theory [46]. The mass
ratios in this theory are in general coupling dependent.
9In fact this roots configuration is strictly valid only for γ ‘not too far’ from pi
2n+1
: when γ increases, some of
the imaginary parts go to zero, leading to a merging of the corresponding 2-strings. Typically the corresponding
roots then become real, leading to a different set of equations. An explicit example will be treated in the case
of a
(2)
4 (see section 4.5), showing that this does not modify the thermodynamic and conformal properties of the
continuum limit. The case a
(2)
2 was discussed previously in [5].
20
4.2 The case a
(2)
2n−1 in regime II
This corresponds to N > 0 and γ ∈ [ pi2n , pi2 ]. From explicit study of the cases a
(2)
3 and a
(2)
5 , we
conjecture that the ground state in this regime is described now by the following patterns of
roots
λα ' x± i
(
pi
4
− (2(n− α))γ
4
)
, for α = 1, 2, . . . , n− 1 ,
λn = x+ i
pi
4
. (105)
The same manoeuvre as in the a
(2)
2n case gives equations the for densities, which read in
Fourier space
ρ+ ρh =
sinhω
(
pi
4 +
(n−2)γ
2
)
+ sinhω
(
3pi
4 − nγ2
)
sinh ωpi2
−
ρ
sinh(pi − nγ)ωγ + sinh(n− 1)ωγ + sinhω (pi2 − γ)
sinh ωpi2
, (106)
The matrix K is again a scalar, and its zero frequency limit is
1−K(0) = 4
(
1− γ
pi
)
. (107)
There is strong evidence that properties of this regime (including the massive deformation
produced by staggering) are the continuation of those in regime I, the relationship between the
conformal weight of the perturbation in (40) and γ becoming then
β2
8pi
=
pi − γ
2pi
(108)
instead of (36). The central charge is c = n. The constant g becomes dimensionless when
pi − γ
2pi
=
2n− 1
4n
⇔ γ = pi
2n
, (109)
which corresponds exactly to the junction of regimes I and II.
4.3 Example 1: a
(2)
2
The case N > 0 and γ ∈ [pi3 , pi] (resp. γ ∈ [0, pi3 ]) corresponds to the regimes called II (resp. III)
in [3], and is much more difficult to analyse than regime I. A naive analysis would suggest that
the ground state is obtained by filling a sea of real λj ’s, but this is not the case. In fact, the
ground state is made of complexes with imaginary parts close to ±14(pi − γ):
λj = xj ± i
4
(pi − γ) . (110)
Note that these two-strings are not the usual ones, since the gap in imaginary parts is equal to
1
2(pi − γ) rather than γ; this is possible because the right-hand side of the Bethe equations (17)
contains a ratio of cosine terms, that results from the twisting of a2.
21
The same two-strings build the ground state in regime II and regime III. Differences arise
however in the corrections to the asymptotic shape of the complexes, as well as the analytical
behaviour of the Bethe kernels. We discuss here regime II, which corresponds to γ ∈ [pi3 , pi].
The bare equations in this regime read
ρ+ ρh =
2 sinh ω2 (pi − γ) cosh ω4 (pi − γ)
sinh ωpi2
−
sinhω
(
pi
2 − γ
)− sinh ω2 (3γ − 2pi) + sinh ωγ2
sinh ωpi2
ρ . (111)
Thus the matrix K at zero frequency is the scalar K = 4γpi − 3, so 1 −K = 4pi−γpi , which leads
to the spectrum of conformal weights associated with the formation of holes (recall that we do
not discuss the effects of shifts of the sea)
∆ + ∆¯ =
pi − γ
pi
n2h , (112)
where nh is the number of holes of complexes. Since this corresponds to removing two Bethe
roots, we have as well
∆ + ∆¯ =
pi − γ
4pi
(δm)2 . (113)
The central charge is found to be c = 32 , and there are now more excitations, which can be
identified with the presence of a Majorana fermion.
The physical equations are
ρ+ ρh = s+K ? ρh , (114)
where, in Fourier variables,
s =
1
2 cosh ω4 (3γ − pi)
,
K =
1
4 cosh2 ω4 (pi − γ)
− sinh
ω
2 (3γ − 2pi)
4 sinh ω2 (pi − γ) cosh ω4 (pi − γ) cosh ω4 (3γ − pi)
. (115)
Staggering the bare spectral parameter so as to interpret our theory as the UV limit of a
massive integrable QFT leads to most interesting results. First, we observe that the S-matrix
which appears in (115) has not, to the best of our knowledge, appeared in the literature before.
With staggering determined by Λ, we find, from the pole at ω = 2ipi3γ−pi in the Fourier integral
for the source term, that the mass scale induced is
M ∝ exp
[
−Λ 2
3 γpi − 1
]
. (116)
But we know from our earlier study (49) that g ∝ e− 43 Λ. This implies that the bare coupling
obeys
g ∝ [length] 23− 2γpi . (117)
We claim that this corresponds to the following perturbation:
S =
∫
1
2
(∂µφ)
2 + ψ∂µψ + ψ¯∂µψ¯ + g
[
e−2iβφ + ψψ¯eiβφ
]
, (118)
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which is usually referred to as the B(1)(0, 1) Toda theory [46, 47]. Indeed, we see that for this
action we need to have
[g]3
(
[length]−1+(β)
2/4pi
)2
[length]−2+(β)
2/pi ∝ 1 , (119)
so
[g] = [length]−
4
3
+
(β)2
2pi , (120)
and this matches (117) provided that
(β)2
8pi
=
pi − γ
2pi
. (121)
Of course, this dimension is allowed by the finite-size spectrum (113). The extra (β indepen-
dent) dimensions associated with the fermionic degrees of freedom ψ¯, ψ would appear, as usual,
following a more complete analysis of the finite-size effects in the presence of strings [3]. The
coupling becomes dimensionless at the edge of the regime, here for γ = pi3 .
We note here that, apart form the B(1)(0, 1) theory, there are two other integrable Toda
theories involving one boson and one Majorana fermion:
1. The C(2)(2) theory:
S = SFBc + SIsing + g
∫
d2z ψψ¯ cosβφ . (122)
2. The A(4)(0, 2) theory:
S = SFBc + SIsing + g
∫
d2z
[
ψψ¯e−iβφ + eiβφ
]
, (123)
where SFBc and SIsing denote the actions for a free compact boson and a free Majorana fermion,
respectively. These two other possibilities can however be discarded by a careful analysis of our
equations. Observe also that, for the theory in (118), there are two non-local conserved currents
for our theory, one fermionic and one bosonic:
J1 = ψe
− 4ipi
β
φR ,
J2 = e
4ipi
β
ϕ
, (124)
where φR is the right-moving part of the field φ. Note that the theory perturbed by the currents
S = SFB + SIsing + g
∫
d2z
[
ψψ¯e
− 4ipi
β
φ
+ e
4ipi
β
φ
]
(125)
has exactly the form of an A(4)(0, 2) theory, so the two types are obviously dual of each other.
Finally, note that the a
(2)
2 model at γ =
pi
2 is equivalent to the antiferromagnetic Fateev-
Zamolodchikov model. The latter model is obtained via the so(3)(1) solution of the Yang-Baxter
equation, which coincides with the spin-one su(2) solution. In that case, the B(1)(0, 1) theory
and the C(2)(2) theories are equivalent.
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To further justify our identification of the continuum limit, we can now explore the scattering
theory in more details. If we believe indeed that the S-matrix describes a complex version of
the B(1)(0, 1) Toda theory, some of the results which are known for this theory at real (also
often called ‘physical’, since then the action is real) coupling carry over to the complex case.
This is addressed briefly in [48], where we set ξ = pi3pi−4γ . It follows that the relation between
the lightest breather mass m and the kink mass M for the theory (118) should be, if the usual
relationship between the theories at real and imaginary coupling holds,
m = 2M sinpi
pi(1 + ξ)
5ξ − 3 = 2M sin
pi
2T − 3 , (126)
where we have set, to make our notations lighter,
γ = pi − pi
T
. (127)
To get this, we start from the real Toda theory [49] at coupling b2. Consider the fundamental
fermion S-matrix, which reads, in the real Toda theory
Sψψ =
sinh θ + i sin 2pih
sinh θ − i sin 2pih
× sinh θ − i sin
(
2pi
h − piΩh
)
sin θ + i sin
(
2pi
h − piΩh
) , (128)
where we have
h =
2 + 3b2
1 + b2
,
Ω =
b2
1 + b2
. (129)
Replacing b2 by − (β′)28pi yields the analytically continued first breather S-matrix
Sψψ →
sinh θ − i sin pi2T−3
sinh θ + i sin pi2T−3
× sinh θ + i sin
2pi
2T−3
sin θ − i sin 2pi2T−3
. (130)
In Fourier variables this becomes
1
i
d
dθ
lnS =
∫
dκ e−iκθ
cosh κpi(2T−5)2(2T−3) − cosh κpi(2T−7)2(2T−3)
cosh κpi2
. (131)
We can now go back to our Bethe equations. In terms of the z-variables, the ground state
is formed of two-strings z = ξ ± iΓ2 , and the most natural other excitations to consider are
antistrings, z = w + ipi. Calling the density of these excitations ρ1, one finds after a few
manipulations the Bethe equations
ρ1 + ρ
h
1 =
cosh ω4 (5γ − 3pi)
cosh ω4 (3γ − pi)
+
cosh ω4 (5γ − 3pi)− cosh ω4 (7γ − 5pi)
cosh ω4 (3γ − pi)
ρ1
− cosh
3ω
2 (pi − γ)
2 cosh ω4 (3γ − pi) cosh ω4 (pi − γ)
ρh , (132)
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where ρh is the density of holes in the Fermi sea. This is in complete agreement with the
foregoing identification and κ = ω 3γ−pi2pi . In particular, we see that the mass of the bound state
is
m¯ = 2M cos(5γ − 3pi) pi
2(3γ − pi) = 2 sin
pi
2T − 3 (133)
indeed.
It is possible to build the whole scattering theory using these ingredients. This is however not
our purpose here, so we will cut the discussion short, and content ourselves with the conclusion
that the identification (118) is the correct one.
4.4 Example 2: a
(2)
3
In this regime, which extends over γ ∈ [pi4 , pi2 ], we find that the ground state is made of strings
over strings, in the form
λ1 = x± i
(pi
4
− γ
2
)
,
λ2 = x+
ipi
4
. (134)
The bare equations are now
− (ρ+ ρh) = −sinhω
pi
4 + sinhω(
3pi
4 − γ)
sinh ωpi2
+
(
sinhωγ + sinhω(pi − 2γ) + sinhω(pi2 − γ)
sinh ωpi2
)
ρ .
(135)
This leads to K = 4γpi − 3, and a spectrum due to holes
∆ + ∆¯ =
(
1− γ
pi
)
n2h . (136)
The physical equations are
ρ =
1
2 coshω(pi4 − γ)
− sinh
ωpi
2
4 sinhω(pi2 − γ2 ) coshω(pi4 − γ2 ) coshω(pi4 − γ)
ρh . (137)
A more detailed analysis suggests that this regime is in fact the continuation of regime I
beyond pi2 . For instance, under the usual staggering and using the pole at ω =
ipi
2
1
γ−pi
4
, we have
[g] = [length]−2+
8
3
(1− γ
pi
) , (138)
which is exactly the continuation of the equation in regime I after substitution γ → pi − γ.
4.5 Example 3: a
(2)
4
For γ < pi3 , the roots have the generic structure reported in section 4.1, namely
λ1 ' x± i
(
pi
4
− 3γ
4
)
,
λ2 ' x± i
(pi
4
− γ
4
)
, (139)
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Figure 3: Measure of the central charge in the regime II of the a
(2)
4 model, from direct diago-
nalisation of the transfer matrix. The black dots represent an extrapolation to L→∞, using a
quadratic fit in 1/L.
leading to scattering equations which have the same form as those discussed in section 4.1. The
measure of central charge is given in figure 3, leading to the conjecture c = 52 .
Now turn to γ > pi3 . At
pi
3 the λ
1 two-strings have zero imaginary part. We observed that
past this value the λ1-roots lie on the real axis. In finite size the transition between these two
regimes does not happen exactly at γ = pi3 , but in a really narrow region around it: the λ
1
2-strings in the centre of the Fermi sea have smaller imaginary part and become real as the
others are well separated. The physical equations now involve two different densities of real
parts, ρ1 and ρ2 respectively, and read
ρ1 =
cosh ω4 (pi − 3γ)
cosh ω4 (pi − 5γ)
− cosh
ω
4 (pi − 3γ)
cosh ω4 (pi − 5γ)
sinhω pi2
sinhω
(
pi
2 − γ2
)ρh1
− 1
cosh ω4 (pi − 5γ)
sinhω pi2
sinhω
(
pi
2 − γ2
)ρh2 , (140)
ρ2 =
cosh ω4 (pi − 3γ)
cosh(ω4 (pi − 5γ)
− 1
2 cosh ω4 (pi − 5γ)
sinhω pi2
sinhω
(
pi
2 − γ2
)ρh1
− coshω
γ
2
cosh ω4 (pi − 5γ) coshω
(
pi
4 − γ4
) sinhω pi2
sinhω
(
pi
2 − γ2
)ρh2 . (141)
Hence the ground state distributions
ρ1 =
cosh ω4 (pi − 3γ)
cosh ω4 (pi − 5γ)
, (142)
ρ2 =
1
cosh ω4 (pi − 5γ)
. (143)
This leads to an integral expression of the ground state energy in the thermodynamic limit,
which turns out to be the analytical continuation of that in the 2-string case. The Fermi
velocity is also the same, and numerical measures of the central charge indicate that c = 52 holds
all through regime II. From there, it seems reasonable to conjecture that all conformal properties
are unchanged as γ is varied between pi5 and
pi
2 .
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Regime I Regime II Regime III
a
(2)
2n γ ∈
[
0, pi
]
and N < 0 γ ∈ [ pi2n+1 , pi]and N > 0 γ ∈ [0, pi2n+1]and N > 0
c = n c = n+ 12 c = 2n
n compact bosons
{
n compact bosons
1 Majorana fermion
{
n compact bosons
n non-compact bosons
a
(2)
2n Toda B
(1)(0, n) Toda
a
(2)
2n−1 γ ∈
[
0, pi
]
and N < 0 γ ∈ [ pi2n , pi]and N > 0 γ ∈ [0, pi2n]and N > 0
c = n c = n c = 2n− 1
n compact bosons n compact bosons
{
n compact bosons
n− 1 non-compact bosons
a
(2)
2n−1 Toda a
(2)
2n−1 Toda
Table 1: Summary of our results.
4.6 General comments
It is not clear to us physically why the a
(2)
2n models exhibit a regime where the continuum limit
involves fermions, while the a
(2)
2n−1 models do not. From a lattice point of view, the fermions
seem to have something to do with the states in the Rˇ matrix carrying vanishing spin: these
occur only for a
(2)
2n , since then the fundamental representation has an odd (2n + 1) number of
sites.
5 Regime III
This is the most interesting of all the regimes, where we claim that the continuum limit system-
atically involves non-compact degrees of freedom.
We have gathered experience on this regime with our earlier studies of the a
(2)
2 and a
(2)
3 cases
[5, 11]. Our expectation, based on these studies and a strong duality argument (see below) is
that the continuum limit is given by a system of compact and non-compact bosons which can be
seen as the natural Coulomb gas representation of the SO(N)/SO(N − 1) cosets for a(2)N−1. The
expected central charge and types of bosons are discussed below. For convenience, a summary
of our findings is given in table 1.
5.1 Duality
To explain the duality argument, we go back to the general relations satisfied by the algebra
generators; see eqs. (5) and (8)–(11). It is easy to prove algebraically from them that, abstractly,
the two Rˇ-matrices, (12) and (15), satisfy identical algebraic relations for matching values of
the parameters:
Rˇ(1), Rˇ(2), SO(N), q, x ←→ Rˇ(2), Rˇ(1), SO(N˜), q, x−1 , (144)
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where we have set q = exp
(
ipi
N+N˜−2
)
. This is done by comparing the relations satisfied by the
generators, and using the fact that qN−1 = − (q−1)N˜−1.
Of course, algebraic equivalence is not the end of the story. First of all, objects such as
Birman-Wenzl generators can satisfy identical relations but not be identical because they corre-
spond, in technical terms, to different representations of the algebra. Moreover, the full argument
is based on Rˇ-matrices. These give rise to vertex models with ‘twists’,10 whose properties can
be different from these without twists. In some cases, this difference is easily taken into account
by changing the boundary conditions in the same continuum limit theory. In other cases, the
difference is more profound, and can lead to different universality classes.
A more thorough analysis of the meaning of the equivalence (144) is possible, along the lines
of the level-rank duality analysis in the SU(N) case [50]. The result is that one expects full
coincidence of the truncated, RSOS versions.
Now, although the continuum limit of the so(N˜) RSOS models (i.e. those associated with
Rˇ(1)) is not entirely understood, it is believed that there is a regime where it is simply given by
diagonal GKO cosets [51]
SO(N˜)1 × SO(N˜)l
SO(N˜)l+1
, (145)
with the level easily related to the quantum group deformation parameter
q = exp
(
ipi
l + N˜ − 1
)
. (146)
It is well-known that these CFTs can also be formulated as different cosets. This can be seen
for instance by studying the central charge
SO(N˜)1 × SO(N˜)l
SO(N˜)l+1
: c =
N˜
2
l(l + 2N˜ − 3)
(N˜ + l − 1)(N˜ + l − 2) ,
SO(N)k
SO(N − 1)k : c =
k
2
(N − 1)(2k +N − 4)
(k +N − 2)(k +N − 3) , (147)
and checking that the two coincide for l = N − 1 and k = N˜ . In fact, there is a full conformal
duality [52]
SO(N˜)1 × SO(N˜)N−1
SO(N˜)N
←→ SO(N)N˜
SO(N − 1)
N˜
. (148)
Putting together the conformal and lattice algebraic duality, we conclude that there is a regime
where the continuum limit of the model given by Rˇ(2) is the SO(N)
N˜
/SO(N −1)
N˜
coset model,
where q = eipi/(N+N˜−2). Moreover, since N˜ ≥ 2 for these equations to make sense, it is reasonable
to expect that the corresponding regime covers γ ∈ [0, piN ]: in particular, this means γ ∈ [0, pi2n ]
for a
(2)
2n−1, which is associated with so(N = 2n). Of course, when N˜ is not an integer, the
argument per se does not apply. Previous experience with the a
(2)
2 case [5] shows however that
10The use of ‘twisted’ in this context refers to the boundary conditions of the lattice model, or the addition of
a charge at infinity for the field theory. It is not related with the fact that the Lie algebras underlying the a
(2)
N−1
model are twisted.
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the argument extends to the case of real N˜ , provided the coset models are replaced by the
appropriate Coulomb gas, and, for the lattice vertex model, the charge at infinity is set to zero.
Some features follow immediately from the detailed discussion given in the appendix. We
see in particular that we have the pattern:
a
(2)
2n−1 Rank n
{
n compact bosons
n− 1 non-compact bosons c = 2n− 1
a
(2)
2n Rank n
{
n compact bosons
n non-compact bosons
c = 2n
The number of compact bosons is the same as the one we have observed in regime I.
We can go one step further and discuss also the effect of staggering. In general, the staggering
of the SO(N˜) vertex model will correspond, in the twisted theory
SO(N˜)1 × SO(N˜)N−1
SO(N˜)N
, (149)
to a perturbation with conformal weight (see also [53])
∆ = 1− N˜ − 2
N˜ +N − 2 =
N
N˜ +N − 2 , (150)
so that, e.g. for N = 3, we have indeed
h =
3
N˜ + 1
=
6
2N˜ + 2
, (151)
which is the dimension of the second energy operator for the Z
2N˜
model.
Let us now turn to the results of the lattice model analysis.
5.2 Root patterns and (some features of) the compact sector
We recall that regime III corresponds to N > 0 and γ ∈ [0, pi2n ] for a
(2)
2n−1, resp. γ ∈ [0, pi2n+1 ]
for a
(2)
2n . The roots patterns for the ground state were found (explicitly for a
(2)
2 , a
(2)
3 , a
(2)
4 , a
(2)
5 ) to
have a similar form as those corresponding to regime II, namely:
1. For a
(2)
2n−1:
λα ' x± i
(
pi
4
− (2(n− α))γ
4
)
, for α = 1, 2, . . . , n− 1
λn = x+ i
pi
4
. (152)
2. For a
(2)
2n :
λα ' x± i
(
pi
4
− (2(n− α) + 1)γ
4
)
, for α = 1, 2, . . . , n . (153)
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The only qualitative difference resides in the sign of the corrections to the real and imaginary
parts of the various 2-strings. The form of the Bethe equations in real space is therefore the
same as in regime II, namely (101) for a
(2)
2n , and its counterpart for a
(2)
2n−1 respectively. However,
the determinations of the logarithms are then different, and the continuous Bethe equations in
Fourier space take a different form, namely:
1. For a
(2)
2n−1:
ρ+ ρh =
sinhω
(
pi
4 +
nγ
2
)− sinhω (pi4 + (n−2)γ2 )
sinh ωpi2
−ρsinhnωγ − sinh(n− 1)ωγ − sinhω
(
pi
2 − γ
)
sinh ωpi2
, (154)
leading to the following ground state (ρh = 0) solution
ρ =
1
2 cosh ω4 (pi − 2nγ)
, (155)
which is the same as in regime II.
2. For a
(2)
2n :
ρ+ ρh =
sinhω
(
pi
4 +
(2n+1)γ
4
)
− sinhω
(
pi
4 +
(2n−3)γ
4
)
sinh ωpi2
−ρsinh(n+
1
2)ωγ − sinh(n− 12)ωγ − sinhω
(
pi
2 − γ
)
sinh ωpi2
(156)
[cf. (102)], leading to the ground state solution,
ρ =
1
2 cosh ω4 (pi − (2n+ 1)γ)
, (157)
which once again has the same form as that of regime II.
In both cases the matrix K is a scalar, K = 4γpi .
In regime III for a
(2)
2n , a hole corresponds to having all the integers δmi = 2, so the conformal
weight for nh holes of complexes is
∆ + ∆¯ =
γ
pi
(nh)
2 ≡ γ
pi
(nh)
2
(
n∑
i=1
αi
)2
=
γ
pi
(nh)
2ω21 , (158)
where we used that
∑n
i=1 αi = e1 = ω1 belongs to the bn weight lattice, so that (ωi, α
∨
j ) = δij
with co-marks α∨i =
2αi
|αi|2 .
In regime III for a
(2)
2n−1, we have all the integers δmi = 2, except δmn = 1, so the conformal
weight for nh holes of complexes is
∆ + ∆¯ =
γ
4pi
(nh)
2 =
γ
4pi
(
2
n−1∑
i=1
αi + αn
)2
=
γ
pi
(nh)
2ω21 , (159)
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where we used that
∑n−1
i=1 αi +
1
2αn = e1 again. We note that e1 ≡ ω1 belongs to the weight
lattice (ωi, α
∨
j ) = δij , and α
∨
i =
2αi
|αi|2 of cn and also of dn = so(2n).
The identification of the continuum limit with a coset theory suggests that the whole spec-
trum of excitations in the compact sector should involve the norm square of vectors on the weight
lattice of so(2n + 1) (resp. so(2n)) but we have not been able to check this. Indeed, unlike in
regime I, holes of complexes describe only a one-dimensional subset of the excitations in the
compact sector. While an analysis of the other types of excitations necessary to understand this
sector completely is in principle possible, it involves considerable technical difficulties, which are
outside the scope of this paper.
5.3 The case a
(2)
2
Here regime III corresponds to N > 0 and γ ∈ [0, pi3 ]. It has been discussed in great detail in
our previous papers [5, 17]. The ground state is determined by the same complexes as in regime
II, but the equations are changed due to analyticity properties of the kernels in Fourier space.
One has now
ρ+ ρh =
2 sinh ωγ2 coshω
(pi+γ
4
)
sinh ωpi2
− sinh
3ωγ
2 − sinh ωγ2 − sinhω
(
pi
2 − γ
)
sinh ωpi2
ρ , (160)
while the corresponding physical equations are
ρ =
1
2 cosh ω4 (pi − 3γ)
− sinh
ωpi
2
4 sinh ωγ2 cosh
ω
4 (pi + γ) cosh
ω
4 (pi − 3γ)
ρh . (161)
The central charge is found, after considerable analytical work, to be [3]
c = 2 . (162)
Excitations obtained by removing complexes from the ground state can be handled analytically
[3]. The final result is in agreement with the usual formula. We have now, at zero frequency,
1−K = 4 γpi , so the conformal weights associated with holes of complexes read
∆ + ∆¯ =
γ
4pi
(δm)2 . (163)
Here, δm is twice the number of holes of complexes; as a complex contains two Bethe roots, one
has in fact Sz = n, with Sz the spin of the excitation, in units where arrows in the vertex model
carry Sz = ±1.
Of course, since the central charge is c = 2, there must be more degrees of freedom. The pos-
sibility of having two Majorana fermions—each contributing an extra 12 to the central charge—is
quickly excluded from numerics. There is, however, very strong evidence for a second bosonic
degree of freedom, but a non-compact one. This is discussed in great detail in our previous
paper [5].
We can also investigate the—by now familiar—deformation obtained using staggering. The
physical equations give us the position of the poles and the mass scale as usual. Since we know
the relationship between the staggering parameter Λ and the bare coupling constant associated,
we have now that
[g] = [length]−
2
3
+ 2γ
pi . (164)
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A little exploration suggests that the associated theory corresponds to a perturbation of the
form
g
[
e−2iβφ + (1, 1)eiβφ
]
, (165)
where (1, 1) denotes a field of weights ∆ = ∆¯ = 1 whose two-point function is non-zero. Matching
dimensions gives
λ3L6L−4L−2∆L−4×∆/4 = 1 , ∆ ≡ β
2
2pi
, (166)
so that
λ3L2−3∆ = 1 (167)
and thus
β2
8pi
=
γ
2pi
, (168)
a value allowed by the finite-size spectrum (163). A more thorough study of this regime shows
that the continuum limit can be described by two bosons φ, ϕ, with ϕ non-compact and pertur-
bation
g
[
e−2iβφ + ∂ϕ∂¯ϕeiβφ
]
. (169)
The integrability of this theory can be formally established.11 It can also be shown that it
is related with the black hole sigma model and the SU(2)/U(1) gauged WZW model, but we
refrain from discussing this further here.
5.4 The case a
(2)
3
Here regime III corresponds to N > 0 and γ ∈ [0, pi4 ], and has also been discussed in considerable
detail in our previous work [11].
In this regime, we find that the ground state is made of strings over strings, in the form
λ1 = x± i
(pi
4
− γ
2
)
+ ± ,
λ2 = x+
ipi
4
, (170)
where ± are infinitesimal quantities in the thermodynamic limit.
Going over to Fourier transforms (γ < pi4 ), and letting ρ, ρ
h denote the densities of complexes
and holes thereof, we find
ρ+ ρh =
sinhω(pi4 + γ)− sinh ωpi4
sinh ωpi2
+
(
sinhωγ − sinh 2ωγ + sinhω(pi2 − γ)
sinh ωpi2
)
ρ . (171)
The matrix K is simply a scalar, K = 1− 4γpi , so we expect the hole contribution to the finite-size
spectrum to be
∆ + ∆¯ =
γ
pi
n2h . (172)
This should apply for nh holes in the ground state distribution. This means 2nh λ
1-holes and
nh λ
2-holes, so in terms of the magnetisations introduced in section 3.4 we have Sz = S
′
z = nh.
11Note that action (169) presents unpleasant features, since one of the fields has dimension greater than two.
Counter-terms are presumably necessary to make sense of the model.
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Figure 4: Measure of the central charge in regime III of the a
(2)
3 model, from numerical solution of
the Bethe equations. Important finite-size corrections to the value c = 3 are observed, associated
with the non-compact continuum limit in this regime.
Further, it is readily checked from the expression (20) of the Rˇ-matrix or from examination of
the transfer matrix eigenvalues that the spectrum is symmetric under under Sz ↔ S′z. Therefore,
the (hole part of the) spectrum is given by
∆ + ∆¯ =
γ
2pi
(
S2z + (S
′
z)
2
)
+ . . . . (173)
The central charge is found to be c = 3 [10] (see also figure 4 for a numerical check), which
leaves room for only one non-compact degree of freedom. Considerable evidence for this latter
degree of freedom has been reported in [11].
Based on our earlier result that, under staggering, the perturbation amplitude in the field
theory goes as
g ∝ e− 43 Λ , (174)
we find, using the pole at ω = ipi2
1
pi
4
−γ , the dimension of the coupling in this regime
[g] = [length]−
2
3
+ 8γ
3pi . (175)
This is compatible with a perturbation of the type
g
{
∂ϕ∂¯ϕ
[
eiβ(φ1−φ2) + e−iβ(φ1+φ2)
]
+ e2iβφ2
}
(176)
with the by now familiar correspondence
β2
8pi
=
γ
2pi
. (177)
5.5 The case a
(2)
4
The ground state is made of 2-strings for both λ1-roots and λ2-roots, with imaginary parts close
to y1 =
pi
4 − 3γ4 and y2 = pi4 − γ4 respectively.
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Figure 5: Measure of the central charge in regime III of the a
(2)
4 model, from numerical solution of
the Bethe equations. Important finite-size corrections to the value c = 4 are observed, associated
with the non-compact continuum limit in this regime.
After a few manipulations of the Bethe equations, we find the equations for the density of
complexes:
ρ+ ρh =
sinhω
(
pi
4 +
5γ
4
)
− sinhω (pi4 + γ4)
sinh ωpi2
− ρsinh
5
2ωγ − sinh 32ωγ − sinhω
(
pi
2 − γ
)
sinh ωpi2
, (178)
and the solution for the ground state density
ρ =
1
2 cosh
(
ω
4 (pi − 5γ)
) . (179)
In both cases the matrix K is simply a scalar, K = 4γpi .
The ground state energy can be written as
E =
∫ ∞
−∞
du
−4 sin γ sech
(
2piu
pi−5γ
)(
cos γ − sin
(
3γ
2
)
cosh(2u)
)
(pi − 5γ)
(
−2
(
sin
(γ
2
)
+ sin
(
5γ
2
))
cosh(2u) + cos(2γ)− cos(3γ) + cosh(4u) + 1
)
(180)
with Fermi velocity
vF(γ) =
pi
pi − 5γ . (181)
The central charge can be measured from there; see figure 5. We find c = 4 with corrections
that have the same profile as what we observed in regimes III for a
(2)
2 and a
(2)
3 , which was
characteristic for non-compact degrees of freedom.
The spectrum associated with holes of complexes is very simple and given by
∆ + ∆¯ =
γ
pi
n2h . (182)
The existence of two seas of roots suggests the presence of two types of excitations associated
with two compact bosons. Thus, the value of the central charge is compatible with the presence
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Figure 6: Measure of the central charge in regime III of the a
(2)
5 model, from numerical di-
agonalisation of the Hamiltonian (as the numerical resolution of the BAE is in this case very
difficult). Important finite-size corrections to the value c = 5 are observed, associated with the
non-compact continuum limit in this regime.
of two extra non-compact degrees of freedom. Unfortunately, we were not able—neither analyt-
ically, nor numerically—to obtain reliable information on the corresponding spectra of critical
exponents. This will require more study.
5.6 The case a
(2)
5
The roots in regime III are found to be arranged as strings over strings over roots, namely
λ1 ' x± i
(pi
4
− γ
)
,
λ2 ' x+ i
(pi
4
− γ
2
)
,
λ3 = x+ i
pi
4
. (183)
There is therefore only one density ρ, and the Bethe equations read
ρ+ ρh =
sinhω
(
pi
4 +
3γ
2
)
− sinhω (pi4 + γ2)
sinh ωpi2
− ρsinh 3ωγ − sinh 2ωγ − sinhω
(
pi
2 − γ
)
sinh ωpi2
, (184)
with solution for the ground state
ρ =
1
2 cosh ω4 (pi − 6γ)
. (185)
A numerical estimation of the central charge from data at small system sizes is shown in
figure 6, leading to the conjecture c = 5, up to large finite-size corrections.
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5.7 Compact and non-compact sectors
Regime III corresponds to N > 0 and γ ∈ [0, pi2n ] for a
(2)
2n−1, resp. γ ∈ [0, pi2n+1 ] for a
(2)
2n . Setting
γ ≡ piN+k−2 for a
(2)
N−1, we know that for k integer, the quantum group restricted model is the
conformal coset SO(N)k/SO(N − 1)k. It is natural to expect that the continuum limit of the
untwisted model be related with the Coulomb gas description of these cosets, elements of which
are discussed in the appendix. Some features follow immediately; in particular, we obtain further
elements that confirm the pattern previously established:
a
(2)
2n−1 Rank n
{
n compact bosons
n− 1 non-compact bosons c = 2n− 1
a
(2)
2n Rank n
{
n compact bosons
n non-compact bosons
c = 2n
The number of compact bosons is the same as what we have found in regime I. However, it
is important to observe that the compactification lattices are different. In the case of regime
I, the vertex operators eiα·φ had ‘charges’ α belonging to the root lattice of bn for a
(2)
2n and cn
for a
(2)
2n−1. In regime III, these charges should belong instead to the weight lattice, if the coset
interpretation is correct. Moreover, for a
(2)
2n−1, we expect the emergence of the dn (and not cn)
weight lattice, a feature to be investigated further.12
Like in the cases of low rank that we discussed in details before, the a
(2)
N−1 chains in regime
III again provide, after staggering, an integrable lattice discretisation of integrable massive
perturbed CFTs. It is easy to speculate what this theory might be. Indeed, we saw that the
continuum limit of the staggered a
(2)
N−1 model in regime III can be described (for appropriate
values of γ, and after quantum group reduction) as an SO(N)/SO(N −1) gauged WZW model,
with the numerator and denominator at level N˜ when
γ =
pi
N + N˜ − 2 . (186)
There are two well-known integrable perturbations of such gauged WZW models [54] . The one
we are interested in involves a perturbation with weight h = N
N+N˜−2 . In general, the conformal
weights in the SO(N)N˜ WZW models are
h =
C2
N + N˜ − 2 , (187)
thus the perturbation corresponds to a representation with the Casimir C2 equal to N for
SO(N). If the weight reads λ =
∑n
i=1 λiei (the ei are as usual a set of orthonormal vectors),
12Recall that while the root lattices of cn and dn are the same, the weight lattices are different. Up to a
normalisation, one can always write the weight lattice as Λ(cn) = Z[e1, . . . , en] and Λ(dn) = Z[e1, . . . , en; (e1 +
. . . + en)/2], where Z[· · · ] denotes the span over the integers. For n = 2 for instance, if the weight lattice of c2
is a square lattice, the weight lattice of d2 is another square lattice, rotated by a 45 degree angle and contracted
by a factor
√
2. While our results for a
(2)
3 are compatible with this, we were unfortunately unable to explore the
question for higher values of n.
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the Casimirs read
C2 = λ · (λ + 2ρ) =
n∑
i=1
[
λ2i + (2n+ 1− 2i)λi
]
, for SO(2n+ 1) ,
C2 = λ · (λ + 2ρ) =
n∑
i=1
[
λ2i + (2n− 2i)λi
]
, for SO(2n) , (188)
so we see that the choice λ1 = 2 and λi = 0 otherwise gives C2 = N for SO(N). The conformal
weight in the untwisted theory is then
∆ + ∆¯ =
λ · λ
k + g
=
4
N + N˜ − 2 =
4γ
pi
, (189)
where k has the same meaning as in section 5.1 and g is the dual Coxeter number. This value
of ∆ + ∆¯ corresponds to a number of holes nh = 2 in the finite-size spectrum.
We can finally write down the perturbed theory in terms of the free fields identified at the
critical point. We have seen earlier that
g ∝ e− 4HΛ , (190)
a relation that is independent of the regime. This, together with the analysis of the Bethe
equations for the staggered chain, suggest the following perturbation in the case a
(2)
2n−1:
g
∂ϕ1∂¯ϕ1 [eiβ(φ1−φ2) + e−iβ(φ1+φ2)]+ 2
n−1∑
j=2
∂ϕj ∂¯ϕje
iβ(φj−φj+1) + e2iβφn
 (191)
with n compact bosons φj and n − 1 non-compact ones ϕj . The action (191) is of course an
a
(2)
2n−1 Toda theory coupled to non-compact bosons. Similar results are obtained for a
(2)
2n .
6 Conclusion
To summarise, we have found that the low-energy limit of the a
(2)
2 spin chain can be described,
depending on the regime, by the UV limit of three different integrable massive QFT:
1. In regime I, with N < 0 and γ ∈ [0, pi]:
S = SFBc + g
∫
d2z
[
e−2iβφ + eiβφ
]
; (192)
2. In regime II, with N > 0 and γ ∈ [pi3 , pi]:
S = SFBc + SIsing + g
∫
d2z
[
e−2iβφ + ψψ¯eiβφ
]
; (193)
3. In regime III, with N > 0 and γ ∈ [0, pi3 ]:
S = SFBc + SFBnc + g
∫
d2z
[
e−2iβφ + ∂ϕ∂¯ϕeiβφ
]
, (194)
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where, in obvious notations, SFBc (resp. SFBnc ) denotes the free boson action for a compact
boson φ (resp. a non-compact boson ϕ), and SIsing is the action for a free Majorana fermion
ψ. In the third equation, note the coupling between the compact boson φ and the non-compact
boson ϕ. This pattern essentially generalises to the case of a
(2)
2n with n > 1. For a
(2)
2n−1 the
intermediate regime II with fermions is not observed. The general result for a
(2)
N−1 in all three
regimes—including the extent of the regimes and the number of compact and non-compact
degrees of freedom—is summarised in table 1.
The emergence of a series of non-compact CFTs is of course fascinating, and requires much
more work to be thoroughly understood. In particular, all we have done is to give evidence
for the counting of compact and non-compact degrees of freedom. This is far from a whole
description of the CFTs. Like in the case of the a
(2)
2 model [5] one would like to have an
understanding of these theories in terms of a sigma model (like the Euclidean black hole theory
[6, 7]) or some generalisation of the (dual, for a
(2)
2 ) sine-Liouville theory. One would like also to
know the density of states for the continuous part of the spectrum (this was partially achieved
[16] for a
(2)
2 , but via a different lattice regularisation [55, 56]) and whether the coset models can
be obtained by a projection onto the set of discrete states (like for a
(2)
2 ). Finally, one would
like to understand the properties of the integrable massive deformations. It should take quite a
while to complete this program.
In any case, the systematic emergence of a continuum limit with non-compact degrees of
freedom raises the general question of what might happen in less explored regimes of other
spin chains. It is intriguing to note in this respect that the staggering of the a
(2)
N−1 spin chains
produces SO(N)/SO(N − 1) perturbed gauged WZW models, while, on the other hand, these
models are well-known to be related with the Pohlmeyer reduction [54] of SU(N)/SO(N) sigma
models.13 The presence of SU(N) in the numerator is of course related with the underlying aN−1
structure of twisted a
(2)
N−1 theories. Now there are many more integrable perturbed gauged WZW
models, and the natural question is whether they can also be obtained as the continuum limit of
some spin chains. For instance, the reduction of SO(N + 1)/SO(N) is also associated with the
SO(N)/SO(N−1) gauged WZW models but perturbed by a different field. For N = 3, the case
we have studied here corresponds to SU(3)/SO(3) and parafermions perturbed by the second
energy operator, while SO(4)/SO(3) would correspond instead to parafermions perturbed by
the first energy operator. Now a lattice regularisation is in fact known for the latter case [57],
suggesting at the very least the existence of another family of lattice models whose continuum
limit would be the same theories we have found here, but whose staggering would lead to a
different perturbation (presumably with λ1 = 1 in (188)). This will be discussed elsewhere.
Yet another interesting question concerns the emergence of different cosets in the continuum
limits of spin chains. While initial studies on the SU(N) case produced only cosets SU(N) ×
SU(N)/SU(N), it is natural to wonder now whether there exists other chains producing other
cosets, for instance SU(N)/SU(N − 1). The question can be asked both for the RSOS versions,
and for the corresponding ‘Coulomb gas’ interpolations. This question, too, will be discussed
elsewhere.
Acknowledgments: We thank V. Fateev, A. Kuniba and R. Nepomechie for useful discussions.
This work was supported by the ANR DIME, the ERC Advanced Grant NuQFT, and the Institut
13Recall that in general the Pohlmeyer reduction involves a triplet of Lie groups, H ⊂ G ⊂ F , a sigma model
on F/G, and a perturbed CFT on G/H.
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A Free-field representation of the cosets SO(N)k/SO(N − 1)k
Following for instance the paper [58], we can bosonise the SO(2n) model with n(n − 1) pairs
βi, γi and n free scalar fields. Meanwhile, we bosonise the SO(2n+ 1) model with n
2 pairs β′j , γ
′
j
and n scalar fields.
If we take the coset SO(2n + 1)/SO(2n), we thus get n pairs β, γ—that is, n compact
bosons and n non-compact ones. Note that the dimension D of SO(N) is N(N − 1)/2, so
D[SO(2n+ 1)]−D[SO(2n)] = 2n.
If we take the coset SO(2n+2)/SO(2n+1), we get n pairs β, γ and 1 scalar field—that is, n+1
compact bosons and n non-compact ones. Note that D[SO(2n+ 2)]−D[SO(2n+ 1)] = 2n+ 1.
So this fits.
Let us now give a few more details. The group SO(2n+1) has dimension n(2n+1) and dual
Coxeter number g = 2n − 1. Introducing the usual orthonormal basis ei, with i = 1, 2, . . . , n,
we have the roots αij ≡ ei − ej , (i 6= j), the roots ±δ ij with δ ij = ei + ej (i 6= j), and the
roots ±ei. For the currents, we use a Wakimoto construction, which requires for the first type
of roots n(n−1)2 pairs of βij , γij bosons (we take by convention i > j for positive roots),
n(n−1)
2
pairs of β˜ij , γ˜ij bosons for the second type of roots, and n pairs of βi, γi for the third type of
roots. Finally, we introduce n bosons φi for the Cartan generators. The corresponding stress
energy tensor reads
TSO(2n+1) =
∑
i>j
βij∂γij + β˜ij∂γ˜ij +
∑
i
βi∂γi − 1
2
∑
i
(∂φi)
2 − i
αG
ρG · ∂2φ , (195)
where α+ ≡
√
k + 2n− 1 and the last term involves the usual half-sum of positive roots
ρG ≡
n∑
i=1
(
n− i+ 1
2
)
ei . (196)
For SO(2n) we have dimension n(2n− 1) and the dual Coxeter number g = 2n− 2. The set of
roots is the same, except for the last type ±ei which are now absent. The Cartan sub-algebra
is generated by fields φ′i, with the stress tensor
TSO(2n) =
∑
i>j
βij∂γij + β˜ij∂γ˜ij − 1
2
∑
i
(∂φ′i)
2 − i
αH
ρH · ∂2φ′ (197)
with now
ρH =
n∑
i=1
(n− i)ei . (198)
The coset construction involves a sum over the positive roots in G/H, which in this case gives
simply
TG/H =
∑
j
βj∂γj − 1
2
∑
j
(∂φj)
2 − i√
k + 2n− 1
∑
j
(
j − 1
2
)
∂2φj
+
1
2
∑
j
(∂φ′j)
2 +
i√
k + 2n− 2
∑
j
(j − 1)∂2φ′j , (199)
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while the identification of the Cartan generators imposes the constraints
√
k + 2n− 1∂φ′j =
√
k + 2n− 2∂φj + iβjγj . (200)
In all these expressions, the label j runs over j = 1, 2, . . . , n. We now bosonise the β, γ systems
by setting
γj ≡ e−Φ+χ, βj ≡ ∂χjeΦ−χ , (201)
so we have
βγ = ∂Φ ,
β∂γ = −1
2
(∂Φ)2 +
1
2
(∂χ)2 − 1
2
∂2χ+
1
2
∂2Φ , (202)
and the relation between the Cartans becomes
√
k + 2n− 1∂φ′j =
√
k + 2n− 2∂φj + i∂Φj . (203)
Introduce now
σj ≡ i
√
k + 2n− 2χj + i
√
k + 2n− 1√
k + 2n− 2Φj +
√
k + 2n− 1
k + 2n− 2φj ,
νj ≡ i
√
k + 2n− 1χj + i
√
k + 2n− 1Φj + φj . (204)
The stress-energy tensor of the coset theory can then be written:
T =
n∑
j=1
1
2
(∂σj)
2 − 1
2
(∂νj)
2
+i
j − k − 2n+ 1√
k + 2n− 2 ∂
2σj − ij − k − 2n+ 1/2√
k + 2n− 1 ∂
2νj . (205)
The propagators are
〈νj(z)νk(w)〉 = −δjk ln(z − w) ;
〈σj(z)σk(w)〉 = +δjk ln(z − w) . (206)
The first immediate observation is that the untwisted theory is a set of n compact and n
non-compact bosons. The conformal weights of the twisted theory should reproduce, after the
introduction of screening charges etc, the conformal weights of the coset CFT
h =
λ · (λ + 2ρG)
2(k + g)
− µ · (µ + 2ρH)
2(k + h)
. (207)
where λ (resp. µ) belongs to the weight lattice of G (here, SO(2n + 1)) (resp. H = SO(2n)).
These conformal weights should appear via discrete states in the model. The untwisted model
meanwhile will have a spectrum made of a discrete part (the G part) and a continuous one—i.e.,
it should have the form
∆ =
λ.λ
2(k + g)
+ continuum . (208)
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